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The statistics involving random multiplicative stochastic processes have been studied em-
pirically. Examples taken here are the duration distribution of disability for aged people,
the life span of animals and the population distribution of prefectures in Post-World War
II Japan. We found that lognormal distributions show excellent fit with various data for
the duration distribution of disability and the life span of animals. The good data fitting
for both cases by lognormal distributions indicates that the incidence of both events can
be considered as many independent subprocesses in succession.We also found that a two-
lognormals distribution fits very well over the entire region for the population distribution
of prefectures in post-war Japan. This result implies that in this case the size segregation is
also relevant, in addition to the random multiplicative stochastic processes.
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1. Introduction

The concept of stochastic processes has
emerged as a significant tool for the study of very
complicated systems such as physical, social and
biological sciences in the twentieth century. Log-
normal distributions that are typical example of
the stochastic distribution function have been ob-
served in various phenomena. Examples of log-
normal distributions are the size of crushed ore
[1], fragmentation of glass rods [2], income distri-
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bution [3], events in medical histories [4], lifetimes
of cancer patients and older hospitalized patients
[5]-[8], food fragmentation by human mastication
[9] and so on. The general formula for the proba-
bility density function of lognormal distributions
is given as follows:

n(t) =
1

(2πσ2)1/2t
exp[−(log(t/T )2)

2σ2
], (1)

where σ and T are the fitting parameters mean-
ing the dispersion and the average, respectively.
The formula for cumulative form of the lognormal
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distribution is as follows :

N(t) =
NT

2
(1− erf(

log(t/T )
21/2σ

)). (2)

Here NT is the total number and erf(x) is the
error function defined as

erf(x) =
2

π1/2

∫ x

0
exp(−y2)dy. (3)

When a complex process requires the com-
pletion of many independent and sequential sub-
processes, the probability of success or failure for
the primary process is considered to show a log-
normal distribution due to the central limit the-
orem [3]. The phenomena that relate to the log-
normal distribution are described by not summa-
tional but multiplicative processes, i.e., random
multiplicative stochastic processes. In this pa-
per we investigate various phenomena involving
random multiplicative stochastic processes. We
especially investigate the duration distribution of
disability, during which aged patients are unable
to care for themselves [10, 11], the life span of
animals and the population distribution of pre-
fectures in Post-World War II Japan.

2. Duration distribution of life for

disability in aged people

Disability and the resulting lowered qual-
ity of life are serious problems accompanying in-
creased longevity. Curiously, despite its potential
contribution to aging theory, complete statisti-
cal and etiological structures of this common and
unwelcome aging phenomenon before death have
not been well studied. The consequences of aged
people’s diseases are not only very important to
the aged people themselves but also young people
as well because of the financial and social prob-
lems.

Here the duration means a period from the
onset of disability until the death of an aged pa-
tient. In this study, we investigate the duration

of disability based on datasets capturing from
the case records of Tokyo Metropolitan Geriatric
Hospital (TMGH) between 1987 and 1989. We
classify and analyze two types of disability. The
one type is the duration of disability in transfer,
where patients are disabled in terms of transfer,
dressing and bathing by themselves. The other
is the duration of disability in voiding, where pa-
tients are disabled in voiding and eating by them-
selves. The latter is more severe conditions than
the former. The total number of patients is 1017
each. The average duration of disability are 2.04
and 1.39 years for transfer and voiding, respec-
tively. The average age at death is 79.3± 9.0.

Figure 1 illustrates an extremely positively
skewed distribution for the duration of disability
in transfer. It should be noticed that the distri-
bution shows an extremely long tail. The distri-
bution for the duration of disability in voiding
also shows almost the same tendency. Tails of as
long as 10−20 years indicate a serious burden for
families and societies who must take care of pa-
tients. The data were then assimilated and sorted
to number in order of days from the largest one,
i.e., cumulative number. Figures 2 and 3 show the
cumulative number of patients with disability in
transfer and voiding, respectively. Here we apply
a lognormal distribution to fit a curve to the data
in each case. In Figs. 2 and 3, we found that the
fit of a log-normal distribution is extremely good
up to 1500 and 2000 days for disabilities in trans-
fer and voiding, respectively. The parameter σ is
2.15 for both transfer and voiding. The parame-
ter T (days) is 200 for transfer and 106 for void-
ing, respectively. These results are in accordance
with the severity of disability. We also found that
lognormal distributions fit excellently with the re-
spective data of male and female patients. There
is, however, a significant difference between men
and women. The value of T for men is 170 and
90 for transfer and voiding, respectively. On the
other hand, for women, the value of T is 280 and
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FIG. 1. Distribution of the number of patients versus
the duration of disability in transfer.

160 for transfer and voiding, respectively.
As a result of the excellent data fitting for

the duration of disability in transfer and voiding,
we suggest that many independent subprocesses,
recognized as multiple pathology, are involved in
disability. Disease in young people is likely to
be single (not multiple) pathology and short. It
usually results in a complete cure without further
disability. On the other hand, when aged people
suffer from any disease, other disease(s) following
the earlier ones may be induced. In fact, patients
sustain an average of 3.7 diseases in our source
data. The progress of even one disease may be re-
garded as multiplicative in the sense that it usu-
ally progresses from initial stage via middle till
final stages.

One common characteristic among humans
is that the life span after reproduction is excep-
tionally long [12]. The force of natural selection,
by its very nature, diminishes greatly or is not
effective at later ages after reproduction. There-
fore, potential hereditary diseases that emerge
after reproduction may have accumulated dur-
ing human evolution. This may be the reason
why the probability of endogenous diseases such
as cancer and arteriosclerosis increases progres-
sively as a common cause of death for the aged

FIG. 2. Log-log plots of the cumulative number N(t)
versus the duration t in transfer. Fitting parameters
are NT = 1017, T = 200.0 and σ = 2.15.

FIG. 3. Log-log plots of the cumulative number N(t)
versus the duration t in voiding. Fitting parameters
are NT = 1017, T = 106.0 and σ = 2.15.

(cf: Huntington’s disease) [13, 14]. Thus, aged
people sustain multiple diseases, as is commonly
observed in geriatric practice. It is a plausible
scenario for the robust lognormal distribution of

Nonlinear Phenomena in Complex Systems Vol. 9, No. 3, 2006



Empirical Studies of . . . 279

disability, irrespective of the difference of sever-
ity or gender, that the incidence of diseases of
the aged can be considered as many independent
subprocesses in succession, namely, random mul-
tiplicative stochastic processes.

3. Life span of animals

In addition to the duration of disability
shown in the previous section, the life span of
animals is a good example of random multiplica-
tive stochastic processes. We suggest that the
life span of animals may have been evolutionally
determined by various factors multiplicatively.

For an example of animals, let us consider
the life span of Invertebrates. Invertebrates have
large variety involving Insecta, shellfish, Nema-
toda and so on. The data of life span were taken
from the book by Comfort (1979) [15]. As seen in
Fig. 4, the fit of lognormal distribution is good up
to most of data for the life span of Invertebrates,
just as the duration distribution of disability in
the previous section.

For most of living things at the present, the
life span is formed by the pile of evolutionary
processes. Then, we propose that the evolution-
ary process is regarded as stochastic, at least ap-
proximately. Moreover, we also propose that this
stochastic process is not summational but multi-
plicative one. The good data fitting for the life
span of Invertebrates by a lognormal distribution
reassures us of the validity for our assumption
that the life span of Invertebrates is regarded as
random multiplicative stochastic processes.

Although most Invertebrates have spent
similar evolutionary processes, the distribution
of their life span is here found to show a long-
tailed structure. It is very interesting that the
distribution of life span of Invertebrates shows a
non-Gaussian distribution, i.e., lognormal distri-
bution. We suggest that the fact that the distri-

bution of life span follows a lognormal distribu-
tion may be one of the causes leading to biological
diversity.

FIG. 4. Log-log plots of the cumulative number N(t)
versus the life span for Invertebrates. Fitting
parameters are NT = 218, T = 5.0 and σ = 1.0.

4. Population distribution of pre-

fectures in Post-World War II Japan

The last example of random multiplicative
stochastic processes in this paper is the pop-
ulation of prefectures in Japan. The dataset
was taken from JAPAN STATISTICAL YEAR-
BOOK 2005 [16].

The year 1945 is when the World War II
ended. The social situations in Japan at that time
was simply in turmoil, in chaos. Figure 5 illus-
trates the cumulative population distribution of
prefectures in 1945, Japan. Here, s̄ is the fitting
parameter meaning the average just as T in pre-
vious sections. As Fig. 5 shows, the population
distribution of prefectures in 1945 is best approx-
imated with a single lognormal distribution.

After the World War II, under the program
of aggressive social and economic development,
Japan quickly recovered and achieved growth to
become one of economic powers. Following on
the economic recovery in Japan, the population
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FIG. 5. Log-log plots of the cumulative number N(s)
versus the population distribution of prefectures in
1945. Fitting parameters are NT = 46, s̄ = 1400.0
and σ = 0.5.

redistribution of prefectures took place dramat-
ically. Figure 6 shows the population distribu-
tion of prefectures in 2003. It should be noticed
how different it is from Fig. 5. This is the conse-
quence of the population redistribution after the
World War II. As seen in Fig. 6, the population
distribution shows the reverse S-shaped curve dis-
tinctly. We would like to obtain the best fitting
for the population distribution of prefectures in
Japan. Hence we propose that the size segrega-
tion as divided into small and large prefecture
groups occurred due to economic recovery after
the war. Then, we believe that the population
distribution of each group is approximated with
a lognormal distribution because of the previous
suggestion for the year 1945. In order to represent
this assumption, we employ a two-lognormals dis-
tribution as a fitting function:

N(s) = Nsmall(s) + Nlarge(s)

=
Nsmall

2
(1− erf(

log(s/s̄small)
21/2σsmall

))

+
Nlarge

2
(1− erf(

log(s/s̄large)
21/2σlarge

)). (4)

Here Ni and σi (suffix “i” stands for small or
large) are the same meaning as the case of ordi-
nary lognormal one, and the total number NT =

Nsmall + Nlarge.
An example of the two-lognormals distribu-

tion is the distribution of lengths of telephone
calls [17]. This example typically has size seg-
regation into two groups; shorter phone calls
and longer ones, each of which obeys a lognor-
mal distribution. The two-lognormals distribu-
tion stands for the superposition of a couple of
lognormal distributions. Indeed, the population
distribution of prefectures in 2003 is well fitted
by two-lognormals distribution (see Fig. 6). The
excellent data fitting by two-lognormals indicates
the validity for our assumption that the economic
development in the Post-World War II Japan has
resulted in the segregation into small and large
groups of prefectures.

The excellent data fitting seen in Fig. 6
should not be regarded as a mere consequence
of the increase of the number of fitting parame-
ters from two to four. The parameter fitting was
done independently for the two pairs (s̄i, σi). In
this sense we still have essentially two fitting pa-
rameters s̄ and σ.

year Nsmall s̄small σsmall Nlarge s̄large σlarge

1945 46 1400 0.50
1955 39 1400 0.37 8 3900 0.33
1965 35 1300 0.35 12 3900 0.49
1975 35 1360 0.33 12 5100 0.45
1985 35 1430 0.34 12 5800 0.45
2003 35 1450 0.34 12 6100 0.42

Table 1. The values of fitting parameters for the pop-
ulation distribution in Post-World War II Japan by
the two-lognormals distribution, except for 1945. We
quoted the original datasets from Ref. 15.

The values of fitting parameters by two-
lognormals from 1945, i.e. the year when the war
ended, through 2003 at every interval of ca. 10
years, are summarized in Table 1. As years went
by, the size segregation has clearly progressed. In
Table 1, values of mean s̄ for each group after
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FIG. 6. Log-log plots of the cumulative number N(s)
versus the population distribution of prefectures in
2003, Japan. Dashed lines: two single lognormal
distributions, that is, we employ the fitting by a
lognormal distribution for small and large groups
separately. The plot of small group is shifted upward
by Nlarge. Fitting parameters are
Nlarge = 12, s̄large = 6100.0 and σlarge = 0.42,
Nsmall = 35, s̄small = 1450.0 and σsmall = 0.34. Solid
line: two-lognormals distribution (4). Fitting
parameters are the same as those of dashed lines.

1965 have increased, while the dispersion σ for
each after 1965 has been almost unchanging. We
should be noticed that the mean for large group
has increased rapidly, while the one for small
group has increased rather gradually. We can say
that as the economy developed in Japan, there
has been a clear tendency for the population to
concentrate into some rich prefectures.

5. Results and discussion

In this paper we have empirically studied
the statistical structures of various systems in-
volving the random multiplicative stochastic pro-
cesses. Examples taken here are the duration
distribution of life for disability in aged people,
the life span of animals and the population dis-
tribution of prefectures in post-war Japan. Then
we have found that the lognormal distribution is
characteristic of the statistics of the duration dis-

tribution of life for disability and the life span of
animals, while the two-lognormals distribution is
characteristic of the statistics of the population
distribution of prefectures in Japan.

We believe that the main lesson from the ar-
gument of the duration distribution for disability
in aged people is that any hospital for the aged
must be a polyclinic which can cope with various
diseases simultaneously in a coordinated fashion.
This is because diseases in aged people usually
proceed multiplicatively. Another obvious lesson
is that aged people should take care of themselves
to keep their good health. We also believe that
the life span of animals should be reviewed from
the present viewpoint and argue about the evolu-
tionary implication. From the study of the pop-
ulation distribution of prefectures in Japan, we
conclude that the population in Japan is divided
into small and large groups of prefectures.

We suggest that problems of population,
such as aging, declining birthrate, gaps in eco-
nomics between various areas and so on, should
be argued from the viewpoint of the present
study. As a matter of course, there are also many
future problems in these examples. We should
recognize that we do not understand individual
processes which constitute these events in detail
because they are complex processes.

Recently there have been many studies to
understand the human dynamics such as social
and economic phenomena [18], focusing on the
statistical physics of complex phenomena. A
part of human dynamics is described by the non-
Gaussian distribution such as the power-law dis-
tribution [19]. The lognormal distribution (and
also two-lognormals distribution) is not Gaus-
sian (in other word, Poisson) statistics but non-
Gaussian (in other word, non-Poisson) statistics,
too. We think that the events involved in human
actions inevitably result in multiplicative stochas-
tic processes, whose distribution may be, at least
as the first approximation, a lognormal distribu-
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tion. In this sense we believe that the present
argument may apply to some problems in econo-
physics. One plausible example is the bankruptcy
of companies, which is often caused by multiple
failures in management and circumstances.
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